We consider fermions in the field of a static Abelian monopole in the Euclidean space time, having in mind applications to the lattice. There exists an infinite number of solutions describing the S-wave fermions and labeled by an imaginary frequency iω. The well known zero mode of Jackiw and Rebbi corresponds to ω = 0. The existence of such modes is a manifestation of instability of the vacuum in the presence of the monopoles and massless fermions. In the Minkowski space the corresponding phenomenon is well known and is a cornerstone of the theory of the magnetic catalysis. We discuss possible implications for the phenomenology.
Introduction
Condensation of the monopoles is widely believed to be the confinement mechanism. The idea is supported by the lattice data, for review see, e.g., [1] . It is natural then to try to reduce the chiral symmetry breaking to the monopole physics as well. There are many numerical investigations of the possible correlation between the monopoles and quark condensate, see, e.g., [2] . On the theoretical side, the analysis proceeds usually along the lines of the Banks-Casher criterion [3] which relates the chiral symmetry breaking to the density of the zero fermionic modes in a given bosonic background. In case of the monopole-dominated vacuum, the elementary bosonic configuration is assumed to be a monopole-antimonopole pair. The reason is that in the field of a monopole-antimonopole pair there exist normalizable zero modes studied first in Ref. [4] .
So far the properties of the fermions on the lattice were studied mostly in the quenched approximation. However, detailed measurements with dynamical fermions are imminent, see, e.g., [5] . In view of this, it is worth to revisit the problem of the fermions in the monopole-dominated vacuum. In particular, we feel that it is important to consider in more detail fermions in the field of a single monopole, not of a monopole-antimonopole pair. Indeed, if the QCD vacuum were dominated by magnetic dipoles the standard explanation of the confinement would not work. Thus, in this note we consider modes for massless fermions in the field of a single static Abelian monopole. We show that there exists an infinite number of solutions to the d = 4 Dirac equation D µ γ µ ψ(iω) = 0 in the Euclidean space-time labeled with imaginary frequency iω. The solutions signal instability of the fermionic vacuum in the presence of a magnetic monopole. The instability is well known in the language of the Minkowski space and is the starting point of the theory of the monopole catalysis [6, 7, 8] .
The instability of the fermionic vacuum in the presence of the monopoles implies in fact inadequacy of the quenched approximation to study the chiral symmetry breaking in the monopole-dominated vacuum. We will comment on this in the conclusions.
Fermionic modes

Equations
In this section we rewrite the formalism of Jackiw and Rebbi [9] in the Euclidean spacetime. We study the solutions of the Dirac equation:
where τ a are the isospinor Pauli matrices and γ µ are the 4D Euclidean Dirac matrices:
σ α are the Pauli matrices and 1l is the 2 × 2 unit matrix. We consider the static monopole gauge fields,
where n i = x i /r and r 2 = x 2 i . The corresponding boundary conditions are:
We look for static solutions of the Dirac equation (1) of the following form:
where ω and k are the continuous and discrete parameters of the zero mode, respectively. The solutions obey the normalization condition,
and the three-dimensional component of the zero mode is normalized as follows:
Note that ω is a real valued variable since otherwise the fermionic mode is not normalizable. Substituting ansatz for the zero mode (4) into the Dirac equation (1) we get:
Below we distinguish between upper and lower components of the three dimensional spinor field,
Following Ref. [9] we regard the fields χ ± iα as matrices. The spinor Pauli matrices act on this field as the matrix multiplication, ( σχ
jα , while the isospinor Pauli matrices act as follows:
, where τ tr is the transposed matrix. We use the relation, τ tr = ε τ ε with ε = iτ 2 being the totally antisymmetric tensor in two dimensions, to rewrite Eq. (6),
where g ± and g ± a are unknown functions used to parameterize the matrix M ± . We are looking for spherically symmetric s-wave solutions of the equations of motions. Therefore g ± = g ± (r) and g ± a = f ± (r) n a , where f ± are scalar functions. Substituting this ansatz into Eq. (8) and separating the scalar and angular-dependent terms (proportional to 1l and ( σ, n), respectively), we get two sets of differential equations:
where
are the differential operators.
Solutions
Let us first consider the zero-frequency case, ω = 0. Solving Eqs. (10) with the boundary conditions (3) we arrive at the Jackiw and Rebbi [9] expression for the zero mode,
where the constant N is determined from the three-dimensional normalizability condition, Eqs.(5,7). The normalizability condition for the zero-frequency solution is satisfied due to a nonvanishing zero component of the gauge field, A 0 , at large distances. This implies that for the pure monopole solution, A 0 ≡ 0, the zero mode is not normalizable in 3D sense, Eq.(5). However, if the frequency is nonzero then the normalizable modes can exist. In this case we get from Eqs.(10) two differential equations of the second order :
where the operators K ± and D ± are given in Eqs. (11) . The functions f ± and g ± are related to each other,
Below we discuss the asymptotic behavior of the solutions. We consider the pure monopole case 1 , A a 0 ≡ 0, or Φ ≡ 0 (one sees no principal difference between cases Φ = 0 and Φ = 0). For the pure monopole we get according to Eq.(11):
Although the solutions of Eq.(12) cannot be found explicitly their asymptotics can easily be analyzed. The asymptotic infrared behavior of the function A, Eq.(3), implies the following relations between K and D operators:
where ∆ r is the radial part of the Laplace operator. Then equation (12) takes the simple form:
which has the following asymptotic solutions,
The normalizable solution is:
where C ± IR is a normalization constant. We have used Eq.(13) to derive the last relation in Eq.(16). 1 Note that the solutions shown below can easily be generalized to the case of non-zero Φ.
Similarly, the asymptotic ultraviolet behavior of the function A, Eq.(3), leads to the relations:
and the short distance limit of the equation (12) coincides with the long distance one, Eq. (14) . The general solution of this equation is given by (15) . The normalizability restricts the solution to the following form:
where C ± U V is a normalization constant. The explicit form for the fermionic modes can be given in the case of the Z Z 2 Wu-Yang monopole [10] , Φ = 0 and A(r) = 1/r. The corresponding 3D fermionic solutions coincide with Eqs. (16) . Substituting these expressions to Eq.(4,7,9) we get two independent nonzero frequency static solutions to the Euclidean Dirac equation:
Ψ R (r; ω) = |ω| 1/2 4 π r 0 1l + sign(ω) ( σ, n) ε e −iωt−|ω| r , where ω ∈ (−∞, +∞).
Interpretation
So far we have been considering solutions to the 4D Dirac equations. Usually, the effect of the fermionic fluctuations around the classical bosonic background is given by the factor exp(− ln detγ µ D µ ). The zero modes obviously play a special role, barring the background field from the existence. In the 4D language all the fermionic modes we considered in the previous section are zero modes. However, in the static case which we are considering now one can usually separate the time dependence which is trivial and end up with factor exp(−E T ) where the total energy E is given as a sum over eigenvalues of the energies E = n ǫ n , normalized in the proper way to the case of the trivial background. If we would apply directly this logic to the solutions found above we would conclude that that there is oscillating in time behavior in the Euclidean space-time. This should correspond to the instability of the vacuum in the Minkowski space-time. And indeed, it is well known that the S-wave interaction of massless fermions with Abelian monopoles is anomalous in the sense that for some chiralities there exist only coming-in waves while for other chiralities there exist only outgoing waves, see discussion in [11] . This anomalous behavior can be related to the Adler-Bell-Jackiw anomaly [12] as well.
There are no difficulties to establish a direct relation between the solutions found above in the Euclidean space and S-wave fermionic solutions in the Minkowski space discussed, in particular, in detail in the book [11] . However, in the Minkowski space the anomalous nature of the S-wave solutions is revealed by the observation that the solutions exist only either for the incoming or outgoing waves for the left-or right-handed fermions, respectively. Our solutions (17) do not have a structure of the waves: both right and left fermion solutions have the same dependence on r and t. This observation also implies that the fermionic modes cannot be used to distinguish between the monopoles and antimonopoles in the Euclidean space-time. The last statement -although based on the Z Z 2 monopole case -includes all Abelian monopole configurations due to the Abelian nature [13] of the fermionic vacuum instability Thus, in the one-particle approximation which we have considered so far the monopole acts as a pump absorbing from the vacuum fermions with certain chiralities and producing the others. By introducing a cut off in the sum i ω n at ω ∼ 1/R 0 , where R 0 is the size of the monopole one could estimate the "width" of the vacuum decay due to this process. It is worth noting that the vacuum instability is even easier to trace in case of a dyon since the right hand side of the Adler-Bell-Jackiw anomaly equation does not disappear already on the classical level [6, 7, 8] . As a result, one can rather easily find the flux of fermions with various charges produced by the dyons [8] . The Euclidean counterpart of this phenomenon is again existence of solutions with imaginary frequencies. And, indeed, such solutions were found first in Ref. [14] .
While studying the solutions of the Dirac equation is sufficient to establish instability of the perturbative vacuum it is much more difficult to find the true fermionic vacuum state in the presence of the monopoles. One has to consider the full field theory. The simplification is that because of the S-wave nature of the fermions the corresponding theory is effectively two-dimensional [6, 7] .
The outcome of the calculations [6, 7] is that fermionic condensate is formed around the monopoles:
where r is the distance to the monopole center. The function f was estimated in the leading order in Ref [6] :
.
At least naively, one can think of this result as of a manifestation of the Pauli principle: the decay of the vacuum is stopped once the fermionic states which correspond to the fermions falling on the center are occupied. Since the final field configuration is static it seemingly can be thought of as a Euclidean as well.
Phenomenological applications, conclusions.
It is rather obvious that there is a long way to cover before one could use the solutions discussed above in the phenomenology related to the lattice simulations. The first reservation is that we used an approximation of a point-like Abelian monopole. Such a bosonic field configuration would have an infinite action and could not be important in lattice simulations (for review and further references see, e.g., [15] ). However, as the latest measurements strongly indicate [16] the monopole size is much smaller than the distance between the monopoles. As a result, the approximation of the point-like monopoles might in fact be a valid approximation to interpret the results of the lattice simulations. Accounting for the zero modes with imaginary frequency discussed in this note might ask for modification of the strategy of studying the fermionic vacuum and the monopoles on the lattice and in conclusion we mention possible implications of the results obtained in the present note:
• In the quenched approximation one usually relies on the Banks-Casher relation [3] to study relevance of various bosonic field configurations to the chiral symmetry breaking. However, we see that in the quenched approximation the evaluation of the chiral condensate is inconsistent in the presence of the monopole-like configurations because of the instability of the fermionic vacuum. This inconsistency is another manifestation of the phenomenon of the monopole catalysis [6, 7, 8] .
• It would be very interesting to search numerically for solutions of the Dirac equations (in the given gluon field background) corresponding to the fermionic zero modes with imaginary frequencies, as discussed above. If such solutions exist it would demonstrate independently the relevance of the monopole-like configurations -usually defined in an Abelian gauge (see Ref.
[1] for a review) -in a non-Abelian gauge theory. The advantage of such a search for the monopoles is that it does not depend on the Abelian gauge explicitly.
• Qualitatively, since the quenched approximation is in fact not adequate to describe the fermionic vacuum the back reaction of the fermions on the gluon fields can be unexpectedly strong. In particular, extra monopole-antimonopole attraction is generated. Further analytical studies of the effect are in progress now.
